In this paper, we have proved some fixed point theorems for three fuzzy metric spaces which improve the results of Jain, Sahu and Fisher in three metric spaces. This result generalizes well known fixed point theorems in complete metric spaces.
Introduction
It is well known that the fuzzy metric spaces are a generalization of the metric spaces, based on the theory of fuzzy sets. Kramosil and Michalek [7] introduced a fuzzy metric spaces performing the probabilistic metric spaces approach to the fuzzy settings. Further on, George and Veeramani [3] modified the concept of fuzzy metric space. Fisher [4] , Aliouche and Fisher [1] , Telci [14] proved some related fixed point theorems in compact metric spaces. Recently, Rao et.al [11] proved some related fixed point theorems in sequentially compact fuzzy metric spaces. Related fixed point theorems on three metric spaces have been studied by B. Fisher et al [4] , R. K. Jain et al. [5] . In the this paper a generalization is given for three complete metric space. Our theorem improves theorem of R. K. Jain, H. K. Sahu, B. Fisher [5] in three complete fuzzy metric spaces. Throughout the paper by ϕ(x, y, t) is denote
Preliminary Notes
Definition 2.11. Let (X, M, * ) be a fuzzy metric space. Then a sequence {x n } in X is said to be a Cauchy sequence if lim t→∞ ϕ(x n , x n+p , t) = 0 for all t > 0 and n, p ∈ N.
Definition 2.12. Let (X, M, * ) be a fuzzy metric space. Then a sequence {x n } in X is said to be convergent to a point x ∈ X if lim t→∞ ϕ(x n , x, t) = 0 for all t > 0. Definition 2.13. A fuzzy metric space X is said to be complete if every Cauchy sequence in X converges to some point in X.
Definition 2.14. Let (X, M, * ) be a fuzzy metric space. We will say the mapping T : X → X is fuzzy contractive if there exists k ∈ (0, 1) such that ϕ(T x, T y, t) ≤ kϕ(x, y, t)
for each x, y ∈ X and t > 0. (k is called the contractive constant of T.) Lemma 2.15. Let {x n } is a sequence in a fuzzy metric space X and if ϕ(x n , x n+1 , t) ≤ k n ϕ(x 0 , x 1 , t) where 0 < k < 1, n ∈ N. Then {x n } is a Cauchy sequence in X.
Proof. Suppose that ϕ(x n , x n+1 , t) ≤ k n ϕ(x 0 , x 1 , t) where 0 < k < 1, and t ≥ 0. Let m, n be two positive integers with m ≥ n, say m = n + p, p > 0. Then we have
Taking limit as n → ∞ on both sides, we get
Hence {x n } is a Cauchy sequence in X.
The following fixed point theorem was proved by Jain, Sahu and Fisher [5] .
and (Z, σ) be complete metric spaces. If T is continuous mapping of X into Y, S is a mapping of Y into Z and R is a mapping of Z into X satisfying the inequalities
for all x, x ∈ X, y, y ∈ Y and z, z ∈ Z, where 0 ≤ c < 1, then RST has a unique fixed point u in X, T RS has a unique fixed point v in Y and ST R has a unique fixed point w in Z. Further, T u = v, Sv = v, and Rw = u.
Main Results
We now prove the following related fixed point theorem which improves above theorem in fuzzy metric spaces.
and (Z, M 3 , * ) be complete fuzzy metric spaces. If R is continuous mapping of X into Y, S is a mapping of Y into Z and T is a mapping of Z into X satisfying the inequalities,
φ(T RSy, T RSy , t) ≤ k max[2φ(y, y , t) − φ(y, T RSy, t), 2φ(y , T RSy, t) − φ(y, T RSy , t), 2φ(y , T RSy , t) − φ(y, T RSy, t), ψ(Sy, Sy , t), ϕ(RSy, RSy , t)]
for all x, x ∈ X, y, y ∈ Y and z, z ∈ Z, where 0 ≤ k < 1, then RST has a unique fixed point u ∈ X, T RS has a unique fixed point v ∈ Y and ST R has a unique fixed point w ∈ Z. Further, T u = v, Sv = w and Rw = u.
Proof. Let x 0 be an arbitrary point in X. Define sequences {x n }, {y n } and {z n } in X, Y and Z respectively by x n = (RST ) n x 0 , y n = T x n−1 , z n = Sy n for n = 1, 2, ... Using inequality (2), we have, φ(y n , y n+1 , t) = φ(T RSy n−1 , T RSy n , t) ≤ k max[2φ(y n−1 , y n , t) − φ(y n−1 , T RSy n−1 , t), 2φ(y n , T RSy n−1 , t) − φ(y n−1 , T RSy n , t), 2φ(y n , T RSy n , t) − φ(y n−1 , T RSy n−1 , t), ψ(Sy n−1 , Sy n , t), ϕ(RSy n−1 , RSy n , t)] ≤ k max (φ(y n−1 , y n , t), ψ(z n−1 , z n , t), ϕ(x n−1 , x n , t)) (4) Using inequality (3), we have
, ϕ(Rz n−1 , Rz n , t), φ(T Rz n−1 , T Rz n , t)] ≤ k max (φ(y n−1 , y n , t), ψ(z n−1 , z n , t), ϕ(x n−1 , x n , t)) (5) on using inequality (4). Using inequality (1) we have ϕ(x n , x n+1 , t) = ϕ(RST x n−1 , RST x n , t) ≤ k max (φ(y n+1 , y n , t), ψ(z n+1 , z n , t), ϕ(x n+1 , x n , t), ϕ(x n−1 , x n , t)) ≤ k max (φ(y n−1 , y n , t), ψ(z n−1 , z n , t), ϕ(x n−1 , x n , t)) ,
on using inequalities (4) and (5). It follows easily by induction on using inequalities (4), (5) and (6) that
Since c < 1, it follows that {x n }, {y n } and {z n } are Cauchy sequences with limits u, v and w in X, Y and Z respectively. Since T and S are continuous, we have lim
Using inequality (1) again, we have
Since S and T are continuous, it follows on letting n → ∞ that ϕ(RST u, u, t) ≤ kϕ(RST u, u, t).
Thus RST u = u, since k < 1 and so u is a fixed point of RST. We therefore have T RSv = T RST u = T u = v and so
Hence v and w are fixed points of T RS and ST R respectively. We now prove the uniqueness of the fixed point u. Suppose that RST has a second fixed point u . Then using inequality (1), we have
Further, using inequality (2), we have
Hence we have ϕ(u, u , t) ≤ kψ(ST u, ST u , t). Finally, on using inequality (3), we have
Since k < 1, it follows that u = u and the uniqueness of u follows. Similarly, it can be proved that v is the unique fixed point of T RS and w is the unique fixed point of ST R. We finally prove that we also have Rw = u. To do this, note that Rw = R(ST Rw) = RST (Rw) and so Rw is a fixed point of RST. Since u is the unique fixed point of RST, it follows that Rw = u. This completes the proof of the theorem. for all x, x ∈ X, y, y ∈ Y and z, z ∈ Z, where 0 ≤ k < 1, then RST has a unique fixed point u ∈ X, T RS has a unique fixed point v ∈ Y and ST R has a unique fixed point w ∈ Z. Further, T u = v, Sv = w and Rw = u.
